We investigate recently proposed nonlinear equation for the unintegrated gluon distribution function which includes subleading effects in the linear part. We obtained numerically the solution to this equation in (x, k) space and also the integrated gluon density. We show that the saturation scale which is obtained from this model is consistent with the one used in the saturation model by Golec-Biernat and Wüsthoff. We also estimate the nonlinear effects by looking at the relative normalisation of the solutions to linear and nonlinear equations. It turns out that the differences are quite large even in the nominally dilute regime, that is when Q 2 ≫ Q 2 s . Finally we calculate the dipole cross section obtained from this model.
Introduction
The knowledge of QCD dynamics at high energies is essential in understanding the hadronic interactions studied at current (HERA, Tevatron) and future (LHC) accelerators. Parton distributions extracted from HERA ep collider will be used in the description of hadronic processes studied at LHC. It is very important to know these parton distributions with very high accuracy and, perhaps what even more important, to be able to estimate possible uncertainties which might appear when extrapolating to the kinematic regime of LHC. A lot of effort is currently devoted to extract parton distributions with very high precision [1, 2] from available experimental data.
Two different frameworks can be used for calculating parton distributions. The more standard one is based on DGLAP evolution and collinear factorization. In the high energy limit it is possible to use k T factorisation [3] in which the QCD interaction is described in terms of the unintegrated gluon distribution. An equation which governs the evolution of this distribution is the BFKL equation [4] . Its well known solution leads to a very strong power growth of the gluon density with energy: ∼ s λ with λ = 4 ln 2α s N c /π being the BFKL intercept in leading logarithmic approximation. Next to leading order corrections to BFKL [5] decrease the rate of growth but do not change the power behaviour. Thus the growth of resulting hadronic cross section has to be eventually tamed in order to satisfy the unitarity bound [6] .
Parton saturation, which was first discussed in a pioneering paper [7] , is a phenomenon which slows down the rapid growth of the partonic densities and could help to restore the unitarity 1 . When the density of gluons becomes very high, the gluon recombination has to be taken into account which leads to a modification of the evolution equations whose solution results in the saturation of the gluon density. In the high energy limit, the parton saturation is described as an infinite hierarchy of coupled evolution equations for the correlators of Wilson lines [9] . It is believed to be equivalent to the JIMWLK functional equation [10] derived in the theory of Color Glass Condensate [11] . In the absence of correlations first equation in the Balitsky hierarchy decouples and is then equivalent to the equation derived independently by Kovchegov [12] within the dipole formalism [13] .
It would be desirable to have a formulation which would embody resummation of the subleading corrections in ln 1/x and yet contain saturation effects. There exist already various attempts in this direction, see for example [14, 15, 16, 17, 18, 19, 20] . In this letter we analyse in more detail the nonlinear equation for the unintegrated gluon distribution function proposed in [19, 20] . Its linear term is formulated within the unifed BFKL/DGLAP framework [21] and the nonlinear term is taken from the Balitsky-Kovchegov equation. In particular we study the differences of solutions in the linear and nonlinear case. It is interesting that these differences become amplified in the case of the integrated gluon density xg(x, Q 2 ). The behaviour of the saturation scale is governed by the value close to the intercept of the solution of the linear equation. In our case this value is equal to the one preferred by HERA data, Q s ∼ exp(λY ) with λ ≃ 0.3. However more detailed analysis shows that even though saturation scale seems to be rather low, the actual numerical differences between linear and nonlinear solution are much bigger. In other words the effect of nonlinearity on the overall normalisation of the solution can be present already at scales which are much above the saturation scale.
The outline of the paper goes as follows: in the next Section we introduce the BalitskyKovchegov equation and the formalism which enables to write it in terms of unintegrated gluon distribution. In Sec. 3 we recall basic ingredients of the unifed BFKL/DGLAP framework and, following [19, 20] we formulate the modified nonlinear equation.
In Sec. 4 we perform numerical analysis of this equation. We present its solution, i.e. the unintegrated gluon distribution as well as the integrated density. Then we perform the analysis of the saturation scale and try to quantify the importance of the nonlinear term. Finally, we present also the results for the dipole cross section and compare them to Golec-Biernat and Wüsthoff [22] parametrisation.
Balitsky-Kovchegov equation
In the dipole picture [23] one can view deep inelastic scattering as a formation of thepair -a dipole, followed by the scattering of this dipole on the target. At high energy s ≫ Λ 2 these two processes are factorized and the total γ * N cross section 2 can be written as follows σ
where −Q 2 = q 2 is the photon virtuality squared and x ≃ Q 2 /s is the usual Bjorken variable. Ψ T,L (r, Q 2 , z) is the photon wave function which depends on the Q 2 and the size of the dipole r as well as the longitudinal fraction z of the photon momenta carried by the quark. Subscripts T, L denote respectively transverse and longitudinal polarisation of the incoming photon. N (r, b, x) is the amplitude for the scattering of the dipole at impact parameter b on the target. It contains all the information about the interaction of the dipole with the target.
The Balitsky-Kovchegov (BK) equation [9, 12] is the non-linear equation for the am-
where α s ≡ αsNc π . The linear term on the r.h.s. of (2) is equivalent to BFKL equation in the coordinate space, whereas the nonlinear term is responsible for the gluon recombination. This equation has been independently derived in the dipole picture [12] and from the Wilson's operator expansion [9] . In the latter case the equation (2) is just the first equation of the infinite hierarchy which decouples in the absence of correlations.
In Eq. (2) there is a nontrivial interplay between two sizes: the dipole size r and the impact parameter b. The exact solution, recently studied in [24] (and also in [25] in the case when kernel is modified) has a very complicated b and r dependence which comes as a consequence of the conformal symmetry present in this equation. Solutions to this equation in the simplified case, without impact parameter dependence have been extensively studied both analytically [26, 27, 28] and numerically [14, 16, 29, 30] . Here, we are interested in the unintegrated gluon density f (x, k 2 ) which is averaged over b and therefore we will not attempt to keep exact impact parameter dependence. Following [19, 20] we make an ansatz that this dependence is factorized
with the normalisation conditions on profile S(b)
where R is the target size.
We are fully aware that the assumption (3) is very crude, it corresponds to the configuration when in Eq.(2) one uses approximation of the infinite and uniform target. To get the full b dependence one should of course study the exact equation (2) .
One can now rewrite the equation (2) in the momentum space by introducing the following transform
and take
We neglect the angular dependence and assume that functions n and φ depend only on absolute values of r and l. Relations (3,5,6) enable to write the equation (2) in the following
where we have integrated both sides of (2) over d 2 b. Note that while N (r, b, x) and Φ(l, b, x) are dimensionless, the functions n(r, x) and φ(l, x) have dimension [ 1 energy 2 ] due to the definitions (3) and (6) . Function K is the BFKL kernel [4] in momentum space in the LLx approximation.
Let us now explicitly show how to find relation between φ(l, x) and unintegrated gluon distribution which is defined as
with xg(x, Q 2 ) being the usual, integrated gluon density. Unintegrated gluon distribution is related to the dipole cross section
which can be obtained from amplitude N (r, b, x) by integration over b
Using (5), (9) and (10) one obtains
After angular integration one gets
and integral over r gives
The task is now to invert operator
(where g(k 2 ) is test function) to get expression for f (x, k). Multiplying both sides of equation (12) by l 2 and performing Mellin transform with respect to l 2 one obtains
and equivalently
Inverse Mellin transform gives
This relation between functions f and φ has been first derived in [29] and later on in [19, 20] .
Non-linear equation for unintegrated density
Established relation (17) allow to transform (7) into an equation for the unintegrated gluon distribution
It is BFKL equation supplemented by the negative nonlinear term.
Partial resummation of NLLx corrections
Equation (18) contains BFKL kernel at LLx accuracy. This is of course rather crude approximation, as far as a description of HERA data is concerned. Also it is well known [5] that NLLx corrections to the BFKL are quite large. To make the equation more realistic, it was proposed in [19, 20] to implement in the linear term of (18) a unifed BFKL-DGLAP framework developed in [21] . In this scheme [21] , the BFKL kernel gets modified by the consistency constraint [31, 32] 
imposed onto the real emission part of the kernel in Eq. (18)
The constraint (19) resums a large part of the subleading corrections in ln 1/x hierarchy which are coming from a choice of scales in the BFKL kernel [33, 34] . Additionally, the non-singular (in x) part of the leading order DGLAP splitting function is included into the evolution
whereP
Additionally, we assume that in our evolution equation α s is running with scale k 2 which is yet another source of important NLLx corrections. The final improved nonlinear equation for the unintegrated gluon density is as follows
In [21] the inhomogeneous term was defined in terms of the integrated gluon distribution:
taken at scale k 2 0 = 1GeV 2 . This scale was also used as a cutoff in the linear version of the evolution equation (23) . In the linear case this allowed to obtain a very good description of F 2 data with just a minimal number of physically motivated parameters (see discussion in [21] ). The initial integrated density at scale k 2 0 was parametrised as follows
where N = 1.57 and ρ = 2.5
4 Numerical analysis
Unintegrated and integrated gluon density
In this section we recall the method of solving (23) and we present numerical results for the unintegrated gluon distribution function f (x, k 2 ) and the integrated density xg(x, Q 2 ). The method of solving (23) was developed in [20] and relies on reducing it to an effective evolution equation in ln 1/x. The key observation is that at small x linear part of (23) can be very well approximated by an (effective) evolution equation in ln 1/x with the boundary condition provided at some moderately small value of x (i.e. x = x 0 ∼ 0.01).
To be precise, we make the following approximations:
1. The consistency constraint Θ(k 2 /z − k ′2 ) in the BFKL kernel is replaced by the following effective (z independent) term
This replacement is motivated by the structure of the consistency constraint in the moment space, i.e. 
right) . Solid lines correspond to the solution of the nonlinear equation (31) whereas dashed lines correspond to linear BFKL/DGLAP term in (31).

The splitting function is approximated in the following way
whereP gg (ω) is a moment function
andP
This approximation corresponds to keeping the leading term in the expansion of P gg (ω) around ω = 0. [35] .
Using these approximations in(23) we obtain 
Solid lines correspond to the solution of the nonlinear equation (31) whereas dashed lines correspond to linear BFKL/DGLAP term in (31).
Firstly, the equation (31) was solved with the non-linear term neglected starting from the initial conditions at x = 10 −2 given by (24) . The parameter ω eff was adjusted in such a way that the solution of linear part of (31) would match the solution of the original equation in the BFKL/DGLAP framework [21] . This procedure gives ω eff = 0.2 and the solution of the linear part of (31) reproduces the original given in [21] within 3% accuracy in the region 10 −2 > x > 10 −8 and 2 GeV 2 < k 2 < 10 6 GeV 2 . This matching procedure has also the advantage that the quark contribution which was present in the original BFKL/DGLAP framework is effectively included by fitting the value of ω eff . The full non-linear equation (31) was then solved using the same initial conditions and setting R = 4 GeV −1 . In Fig. 1 we plot unintegrated gluon distribution function as a function of x for different values of k 2 and in Fig. 2 the same quantity is plotted but as a function of k 2 for different x. Two calculations, based on linear equation and nonlinear equation are compared in these figures. One sees, that the differences are not large, there is however some suppression due to the nonlinearity at smallest values of x ≤ 10 −5 . The subleading corrections decrease strongly the value of the intercept with respect to the LLx BFKL value and consequently the nonlinear term becomes only important at very low values of x. In Fig. 3 we show the integrated gluon density, Eq. (8) . In this case the change from the power behaviour at small x is clearly visible in the nonlinear case. Also the differences between the distributions in the linear and nonlinear case seem to be more pronounced in the case of xg(x, Q 2 ). This is due to the fact that in order to obtain the gluon density xg(x, Q 2 ) one needs to integrate over all scales up to Q 2 including small values of k 2 where the suppression due to the nonlinear term can be bigger. 
Saturation scale Q s (x)
In order to quantify the strength of nonlinear term one introduces the saturation scale Q s (x). It divides the space in (x, k 2 ) into regions of dilute and dense partonic system. In the case when k 2 < Q 2 s (x) the solution of the nonlinear BK equation exhibits scaling, which means it is dependent only on one variable N (r, x) = N (rQ s (x)) or in momentum space φ(k, x) = φ(k/Q s (x)). Recently, an analysis of the saturation scale in the case of the model with resummed NLL BFKL has been performed [18] . There, the saturation scale has been calculated from the formula
which has been derived in [36] by analysis of the linear equation in the presence of the absorptive boundary. ω s (γ c ) is the effective Pomeron intercept which (in the case of the fixed coupling) is a solution to the equation
where χ(γ, ω) is the kernel eigenvalue of the resummed model. In our case the eigenvalue has the following form
The solution for the saturation scale obtained from solving (32, 33) using eigenvalue (34) is shown in Fig. 4 and gives λ = (32, 33) solid lines, compared with saturation scale from GBW model [22] .
We also attempt to estimate the effect of the nonlinearity more quantitatively. That is we study the relative difference between the solutions to the linear and nonlinear equations
where β is a constant of order 0.1 − 0.5. Since this definition of the saturation scale is different from the one used in the literature and is likely to posses different x dependence we denote it asQ s . In Fig. 5 (left) we show a setQ s which are solutions to Eq. (35) for different choices of β together with the saturation scale calculated from the original saturation model by Golec-Biernat and Wüsthoff [22] . Solid lines given by Eq. (35) show where the nonlinear solution for the unintegrated gluon starts to deviate from the linear one by 10%, 20%, . . . , 50%. What is interesting is the fact that contoursQ s (x) defined in (35) have much stronger x dependence than saturation scale Q s (x) defined by Eq.(32) and the one from GBW model. In particularQ s (x, β) > Q s (x) for given x (at very small values of x). This might be a hint that saturation corrections can become important much earlier (i.e. for lower energies) than it would be expected from the usual definition of the saturation scale Q s (x). In Fig. 5 (right) we also show contours in the case of the integrated gluon distribution function, that means the solution to (35) with f (x, k 2 ) replaced by xg(x, Q 2 ). As already seen from previous plot, Fig. 3 , the differences in the integrated gluon are more pronounced. For example in the case of Q 2 = 25GeV 2 and x ≃ 10 −5 −10 −6 we expect about 15% to 30% difference in the normalisation. Again, by looking solely at the position of the critical line one would expect the nonlinear effects to be completely negligible in this region since at x = 10 −6 the corresponding Q 2 s (x) ≃ 2.8GeV 2 (taking the [22] . formula Q 2 s (x) = Q 2 s,0 (x/x 0 ) −λ with normalisation Q 2 s,0 = 1GeV 2 at x 0 ≃ 4 × 10 −5 and λ ≃ 0.28, [22] ). This rough analysis shows that one cannot think of saturation scale as a definite and sharp border between very dilute and dense system. The transition between these two regimes appears to be rather smooth and the nonlinear term of the equation seems to have quite a large impact on the normalisation even in the 'linear' regime defined as Q 2 ≫ Q 2 s (x).
Dipole cross section σ(r, x)
It is interesting to see what is the shape of the dipole cross section σ(r, x) obtained from the unintegrated gluon density via Eq. (9) . In this calculation we assume that α s is running with scale k 2 .
Calculation of the dipole cross section requires knowledge of the unintegrated gluon density for all scales 0 < k 2 < ∞. Since in our formulation, the unintegrated gluon density is known for k 2 > k 2 0 we need to parametrise f (x, k 2 ) for lowest values of k 2 < k 2 0 . We use the matching condition
and following [37] we assume that f (x, k 2 ) ∼ k 4 for low k 2 . This gives
compare Eq. (25) . In of x = 10 −3 , 10 −4 , 10 −5 . For comparison we present also the dipole cross section obtained from GBW parametrisation. To be self-consistent we cut the plot at r = 2 GeV −1 because we assumed in derivation of formula (7) that the dipoles are small in comparison to the target size(we assume proton radius to be 4 GeV −1 ). The cut allows us also to obtain model independent result for we observed that different parametrisations of f (x, k 2 ) for k 2 < k 2 0 give essentially the same contribution for r < 2 GeV −1 .
